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We investigate entropic force cosmological models with the possibility of matter creation and
energy exchange between the bulk and the horizon of a homogeneous and an isotropic flat Universe.
We consider three different kinds of entropy, Bekenstein’s, the non-extensive Tsallis-Cirto’s and the
quartic entropy, plus some phenomenological functional forms for matter creation rate to model
different entropic force models and put the observational constraints on them. We show that while
most of them are basically indistinguishable from a standard ΛCDM scenario, the Bekenstein en-
tropic force model with a matter creation rate proportional to the Hubble parameter is statistically
highly favored over ΛCDM. As a general result, we also find that both the Hawking temperature
parameter γ, which relates the energy exchange between the bulk and the boundary of the Universe,
and the matter creation rate Γ(t), must be very small in order to reproduce observational data.
I. INTRODUCTION
In the 1970s, Bekenstein and Hawking [1, 2] showed
that the laws of black hole thermodynamics are simi-
lar to the standard thermodynamics [3]. Since then a
large number of gravitational and cosmological applica-
tions [4–23] have been investigated by employing the cor-
respondence between the area of the event horizon and
the surface gravity of the black hole with the entropy and
the temperature in standard thermodynamics. Jacobson
[4] derived the Einstein field equations from the propor-
tionality of the entropy and the horizon area by assuming
the heat flow across the horizon. In this way, Padmanab-
han [7, 8] used the holographic equipartition law, which
states that the expansion of the cosmic space is due to the
difference between the degrees of freedom on the surface
and in the bulk of a region of space, to derive the Fried-
mann and acceleration equations. Furthermore, a radical
notion was given by Verlinde [6]: he defined gravity as
an entropic force, which is originated in a system as a
result of the statistical tendency to increase its entropy.
He used the holographic principle [24], which states that
the microscopic degrees of freedom could be represented
holographically on the horizon and these degrees of free-
dom could be measured in terms of entropy. All these
new approaches give a new insight into the problem of
quantum gravity, which could possibly explore the emer-
gence of space-time from a thermodynamic perspective.
Current observational data [25–32] show that the ex-
pansion of the Universe is accelerating and a large num-
ber of investigations have been done to understand this
experimental fact [33, 34]. The standard approach to ex-
plain the accelerated expansion of the Universe is to add
and include in the cosmic inventory a new component,
the so called dark energy fluid, with exotic properties
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with respect to other standard energy-matter contribu-
tion, and whose effects into the Einstein field equations
are exactly those to lead the acceleration. Despite many
successes, dark energy models are not able to explain in
a satisfactory way all the observational probes we have
collected till now, and are affected by some additional
theoretical shortcomings [35].
Therefore, many alternative ideas have been investi-
gated to solve and understand the problems [33, 34, 36,
37]. Here, in particular, we will focus on the work from
Easson et al. [21, 22], who gave a new perspective to ex-
plain the accelerated expansion: entropic cosmology. Ac-
cording to the entropic cosmology approach, additional
entropic force terms are needed to be added to the Ein-
stein field equations, and are assumed to be coming from
the neglected boundary terms in the Einstein Hilbert ac-
tion. The physical motivation behind the entropic force
terms is due to the idea of having information holograph-
ically stored at the boundary of the Universe. Hence,
associated to the entropy and the temperature on the
boundary of the Universe, there might be an entropic
force acting on the boundary of the Universe, which could
be responsible for an early and the late accelerated ex-
pansion of the Universe.
In original entropic force models [21, 22], the Hawk-
ing temperature [1] and the Bekenstein entropy [2] are
being used. By using the holographic principle [24] and
considering the Hubble horizon as the boundary of the
homogeneous and an isotropic Universe, an associated
entropy and a temperature are being defined on the Hub-
ble horizon, which extend the Bekenstein entropy and the
Hawking temperature for the case of the entire Universe.
The Bekenstein entropy S and the Hawking temperature
T on the Hubble horizon rH , are given by
S =
kBc
3A
4~G
, T = γ
~c
2pikBrH
, (1)
where rH and the surface area A of the sphere with the
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2Hubble horizon are defined as
rH =
c
H
, A = 4pir2H . (2)
Here, H = a˙/a is the Hubble parameter and a(t) is the
scale factor at a time t; G, c, ~ and kB are respectively the
Newton’s gravitational constant, the speed of light, the
reduced Planck’s constant and the Boltzmann’s constant;
γ is a non negative free parameter assumed to be order
of one by theoretical considerations [21, 38].
The entropic force Fr on the Hubble horizon can be
defined as
Fr = − dE
drH
= −T dS
drH
, (3)
where the minus sign shows the direction of increasing
entropy. By using Eqs. (1) and (2) in Eq. (3), we have
the entropic force on the horizon
Fr = −γ c
4
G
, (4)
and this force is assumed to be responsible for the ac-
celerated expansion of the Universe. It is interesting to
note that, for γ = 1/4, the entropic force Fr becomes the
maximum force in general relativity [39–42].
Similarly, the entropic pressure pe on the Hubble hori-
zon due to the entropic force Fr can be written as
pe =
Fr
A
= −γ c
2
4piG
H2. (5)
By considering a homogeneous and an isotropic Universe
filled with a perfect fluid having a pressure p, we can
define the effective pressure peff
peff = p+ pe. (6)
This can be later used in the acceleration and the conti-
nuity equations to define the entropic force terms for the
entropic force models.
In standard entropic force models, where the Beken-
stein entropy and the Hawking temperature are used, the
acceleration equation for a homogeneous and an isotropic
expanding Universe is given by [21, 22]
a¨
a
= −4piG
3
(
ρ+
3p
c2
)
+ γH2, (7)
where ρ represents the total energy density of the Uni-
verse. The corresponding Friedmann equation for the
phenomenological entropic force model can be written as
H2 =
8piG
3
ρ+ γH2. (8)
Here, γH2 is the entropic force term which could be al-
ternative to the cosmological constant Λ in the standard
ΛCDM cosmology. The continuity equation can be de-
rived from the first law of thermodynamics, and is given
by
ρ˙+ 3H
(
ρ+
p
c2
)
= −γ 3
4piG
HH˙. (9)
In [21, 22], the right hand side of the equation is zero,
based on the assumptions of adiabatic processes, where
the entropy of the universe remains constant. But the
entropy of the Universe must be increasing, and by con-
sidering the non-adiabatic processes across the horizon,
we have the nonzero right hand side in Eq. (9).
Another way to introduce the entropic force terms is
by using the effective pressure peff , given in Eq. (6). By
introducing the effective pressure in the acceleration and
continuity equations, we have
H2 =
8piG
3
ρ, (10)
a¨
a
= −4piG
3
(
ρ+
3peff
c2
)
, (11)
ρ˙+ 3H(ρ+
peff
c2
) = 0. (12)
By using Eq. (6), the above equations can be written as
H2 =
8piG
3
ρ, (13)
a¨
a
= −4piG
3
(
ρ+
3p
c2
)
+ γH2, (14)
ρ˙+ 3H
(
ρ+
p
c2
)
= γ
3
4piG
H3. (15)
In the original entropic force models [21, 22], only H2
term, or the combination of H2 and H˙ are included in
the Friedmann and acceleration equations as extra driv-
ing terms, coming from the usually neglected boundary
terms. The problem with considering only H2 term is
that these models do not describe a decelerating and an
accelerating Universe [43–45]. It has been pointed out
by Basilakos et al. [43] that the original entropic force
model does not explain the cosmological fluctuations and
are not consistent with the structure formation. How-
ever, by including a term H, the modified entropic force
models can describe a decelerating and an accelerating
Universe. But for structure formation, both H and a
constant entropic force terms are needed to tackle the
problem. In principle, there can be higher orders terms
like H4 in modified entropic models, which are needed to
discuss the entropic inflation [22]. In this paper, we are
not interested in models of inflation in entropic cosmol-
ogy [46–48].
It is pertinent to mention here that the entropic force
models are completely different from the Verlinde’s en-
tropic gravity, where the gravity is itself an entropic force.
For more details see [6, 49, 50].
The form of the driving entropic force terms depend on
the choice of the definition of the entropy. Komatsu and
Kimura [38, 51–56] modified the entropic force models
3by incorporating the non-extensive Tsallis-Cirto entropy
[57, 58] and the quartic entropy [38]. In original entropic
force model [21, 22], Easson et al. used the Bekenstein
entropy, which is proportional to the area on the Hubble
horizon, to get the H2 term. Tsallis and Cirto introduced
a non-extensive entropy for black holes and Komatsu and
Kimura applied the Tsallis-Cirto entropy, which is pro-
portional to the volume of the Hubble horizon, to the
cosmological horizons. In [38], it is applied to the Hub-
ble horizon to get the H term in the modified entropic
model. A higher dimensional entropy, called the quartic
entropy, is also being used to discuss the constant en-
tropic force term in the modified entropic force models.
Hence, the modified quartic entropic force model tackles
the problem of a decelerating and an accelerating Uni-
verse and the problem of structure formation. A general
formalism for all the entropic force models have been dis-
cussed in [53].
In [55], Komatsu and Kimura have categorized the en-
tropic force models into two categories: the varying Λ(t)
type and the Bulk viscous (BV ) type models. In Λ(t)
type models, the driving entropic force terms are added
to both Friedmann and acceleration equations. The con-
tinuity equation has non zero right hand side and these
types of entropic force models are similar to energy ex-
change cosmological models [59], where the energy ex-
change between two cosmological fluids are considered
like, for example, the interaction between the dark en-
ergy and the dark matter [60–64] or the coupling between
the matter and the radiation [65]. The original entropic
force model in [21, 22] is of Λ(t) type because in Eqs. (7)
and (8), we have the γH2 in both Friedmann and accel-
eration equations. On the other hand, for the case of BV
type models, which are inspired by the possible creation
of cold dark matter [66–70] and bulk viscosity of the cos-
mological fluids [71–87], the driving entropic force terms
are only included in the acceleration equation but not
in the Friedmann equation due to dissipation processes.
The BV type models can be interpreted as bulk viscous
cosmological models, where the bulk viscosity generates
the entropy in an isotropic and a homogeneous Universe.
One can see Eqs. (11) and (12) [55], where peff = p+ pe
is introduced in the acceleration and continuity equations
to get the required driving entropic force terms, whereas
there is not any entropic force term in the Friedmann
equation Eq. (10).
II. GENERAL FORMALISM FOR ENTROPIC
FORCE MODELS
By following [53], we consider a homogeneous and an
isotropic Universe with the energy exchange between the
bulk and the Hubble horizon. In addition to this, we
also consider the possible creation of matter in the Uni-
verse. These models will be a combination of both Λ(t)
type and BV type entropic force models. The energy
exchange is related to the reversible entropy; while the
irreversible entropy will be with the creation of matter
in the Universe. We take into account the general form
of entropy given in [53] for the case of reversible entropy
defined on the Hubble horizon, which can be written as
Sm =
pikBc
3
~G
Lmr
m
H (16)
where m takes the values 2, 3 and 4, which correspond to
Bekenstein, Tsallis-Cirto and quartic entropies. Lm is a
free parameter and L2 = 1 for m = 2, L3 = ξ for m = 3
and L4 = χ for m = 4 respectively. Here, ξ and χ are
also nonnegative parameters correspond to Tsallis-Cirto
entropy and the quartic entropy. A detailed study of
modified entropic force models related to these entropies
have been investigated in [38].
The entropic force by using the general form of the
entropy can be derived by using Eq. (16), which can be
written as
Fm = −T dSm
drH
= −γ c
4
G
(
mLm
2
)
rm−2H , (17)
and from it, the general expression for the entropic pres-
sure prm due to the general form of the entropic force
Frm on the boundary of the Universe can be written as
pm =
Fm
A
= −γ
(
cmmLm
8piG
)
H4−m. (18)
The Friedmann and acceleration equations for the general
entropic force models are given in [53], and can be written
as
H2 =
8piG
3
ρ+ γ
(
cm−2mLm
2
)
H4−m, (19)
a¨
a
= −4piG
3
(
ρ+
3peff
c2
)
+ γ
(
cm−2mLm
2
)
H4−m.
(20)
By using Eqs. (19) and (20), we have the continuity equa-
tion
ρ˙+3H
(
ρ+
peff
c2
)
= −γ
(
3cm−2mLm
8piG
)(
4−m
2
)
H3−mH˙,
(21)
where the effective pressure peff reads as
peff = p+ pirr = p− (ρc
2 + p)Γ(t)
3H
. (22)
Here, the function Γ(t) represents the particle production
rate and it is related with the creation pressure pirr. It
is completely unknown and yet to be defined in quantum
field theory [88–93]. For this study, we take the parti-
cle production rate or the entropy production function
as much general as possible, and we rely on the phe-
nomenological functions of Γ(t) = Γ0,Γ0H,Γ0H
2,Γ0/H
analyzed in [76, 94–99].
4For this study, we assume an open system undergoing
non-adiabatic processes of matter creation, which gen-
erate an irreversible entropy. We also consider the en-
ergy exchange between the bulk and the boundary as
reversible processes, which corresponds to the reversible
entropy. In the above equations, the terms with γ corre-
spond to reversible processes and those ones with pirr to
irreversible processes.
In order to understand the reversible and irreversible
processes related to the energy exchange between the
bulk and the horizon and the matter creation in the uni-
verse, we review (for detailed calculations, see [53] and
references therein) the first law of thermodynamics for an
open system containing N(t) total number of particles in
a volume V (t), which can be written as
d
dt
(V ) + p
dV
dt
=
(
dQ
dt
)
rev
+
(
+ p
n
d
dt
(nV )
)
irr
, (23)
where  = ρc2 is the energy density of the fluid and n =
N/V is the particle number density. The first term in the
right hand side of Eq. (23) shows the heat flow dQ = TdS
across the horizon and by using the general form of the
entropy, Eq. (16), at r = rH , we have the expression for
dQ/dt
dQ
dt
= γ
c4
G
(
mLm
2
)
rm−2H
drH
dt
. (24)
The second term in the right hand side of Eq. (23) is
related to the matter creation, which corresponds to the
irreversible entropy, and it can be written as
+ p
n
d
dt
(nV ) =
(
ρ+
p
c2
)
c2V Γ(t). (25)
where n˙ + 3 a˙an = nΓ(t) has been used to get the above
equation. Here, Γ(t) represents the particle production
rate. By using Eqs. (24) and (25) in Eq. (23), we get the
continuity equation from the first law of thermodynamics
ρ˙+3H
(
ρ+
peff
c2
)
= −γ
(
3cm−2mLm
8piG
)
H3−mH˙, (26)
where peff is given in Eq. (22). Note that there is an
extra (4 − m)/2 in the right hand side of the continu-
ity equation Eq. (21), and that continuity equation is
derived from Friedmann and acceleration equations. In
[53] both the continuity equations have been calculated
and compared in detail. Both the continuity equations
are equivalent for m = 2. However, we have used the
continuity equation Eq. (21) for this study to analyze
the observational data.
In the following subsections, we consider more specifi-
cally three entropic force models corresponding to Beken-
stein, Tsallis-Cirto and the quartic entropy.
A. Bekenstein Entropic Force Model
For m = 2, Eqs. (19) - (20) and (21) reduce to:
H2 =
8piG
3
ρ+ γH2 , (27)
a¨
a
= −4piG
3
(
ρ+
3peff
c2
)
+ γH2 , (28)
ρ˙+ 3H
(
ρ+
peff
c2
)
= −γ 3
4piG
HH˙. (29)
Making explicit a multi-fluid scenario, the Friedmann
equation (27) can be rearranged as
H2 =
8piG
3(1− γ)
∑
i
ρi, (30)
and the corresponding continuity equation as
∑
i
ρ˙i + 3H
[∑
i
(
ρi +
pi
c2
)
+
pirr
c2
]
= −γ 3
4piG
H H˙
(31)
where, as above
pirr = −Γ(t)
3H
∑
i
(
ρic
2 + pi
)
. (32)
The summation over index i runs over the energy density
of matter ρm, of radiation ρr, and of dark energy which
will be, for us, always a cosmological constant ρΛ. By
using Eq. (30), we have
∑
i
ρ˙i + 3(1− γ)H
[∑
i
(
ρi +
pi
c2
)
+
pirr
c2
]
= 0. (33)
In the following, we use Γ(t) functions taken from the lit-
erature [76, 94–99] and rewrite the continuity equations
for each case. In order to solve these continuity equa-
tions we must define the initial conditions. We choose
to set them at a = 1 (or equivalently, at redshift z = 0),
connecting the present-time densities ρi,0 to the appropri-
ate observable cosmological parameters, the dimension-
less density parameters Ωi, by using the relation
ρi,0 =
3H20
8piG
Ωi . (34)
Thus, specifically for the Bekenstein entropic force
model, the Friedmann equation Eq. (30) becomes
H(a) = H0
√
Ωma−3 + Ωra−4 + ΩΛ√
1− γ , (35)
with ΩΛ defined by the normalization condition H(a =
1) = H0 as
ΩΛ = 1− Ωm − Ωr − γ . (36)
5At this point one could argue that one should be able to
constrain only the parameters Ω′i = Ωi/(1 − γ), which
might look as the only directly measurable ones. But
actually, as we will show in the next subsections, we can
clearly separate and distinguish the weight of γ from that
of the Ωi in the cosmological background evolution, for
the way it enters and influence the continuity equations.
1. Γ = Γ0 = const.
By using Eq. (30), and converting from time to scale
factor derivative, we can rewrite the continuity equation
Eq. (33) as
ρ′i +
3 (1 + wi) (1− γ)
a
ρi −
(1 + wi) (1− γ) Γ0
a
ρi
κB (γ)
(√∑
i ρi
) = 0, (37)
where prime denotes the derivative with respect to the
scale factor a(t). The parameter κB (γ) is given by
κ2B (γ) =
8piG
3 (1− γ) . (38)
Note that the time behaviour of the cosmological con-
stant is still constant in this scenario (wΛ = −1), while
matter and radiation may behave differently. Moreover,
all fluids are coupled.
2. Γ(t) = Γ0H
The continuity equation Eq. (33) for this case is
ρ′i +
3 (1 + wi) (1− γ)
(
1− Γ03
)
a
ρi = 0. (39)
Clearly, the fluids are separable and for each one the
density behaves as
ρi = ρi,0a
−Γ˜, (40)
where ρi,0 is an integration constant (density today) and
Γ˜ = 3 (1 + wi) (1− γ)
(
1− Γ0
3
)
. (41)
Once again, it is possible to see that the cosmological
constant is still a constant, while matter and radiation
may exhibit some change w.r.t. the standard scenario.
3. Γ(t) = Γ0H
2
For this case, we have rewritten the continuity equa-
tion, Eq. (33), as
ρ′i +
3 (1 + wi) (1− γ)
a
ρi −
(1 + wi) (1− γ) Γ0
a
κB (γ)
√∑
i
ρi
 ρi = 0. (42)
4. Γ(t) = Γ0
H
Finally, for this case, Eq. (33) read
ρ′i +
3 (1 + wi) (1− γ)
a
ρi −
(1 + wi) (1− γ) Γ0
a
ρi
κ2B (γ) (
∑
i ρi)
= 0. (43)
B. Tsallis-Cirto Entropic Force Model
For m = 3, Eqs. (19) - (20) and (21) reduce to:
H2 =
8piG
3
ρ+
(
3cξ
2
)
γH, (44)
a¨
a
= −4piG
3
(
ρ+
3peff
c2
)
+
(
3cξ
2
)
γH, (45)
ρ˙+ 3H
(
ρ+
peff
c2
)
= −
(
3
8piG
3cξ
2
)
γH˙. (46)
First of all, we define γ˜ = 3cξ/2γ, not only to improve
legibility, but also because, given such a combination, our
analysis will be able to put constraints only on γ˜ and not
on the single parameters ξ and γ. After that, we note
that Eq. (44) is a quadratic equation in H. If we solve
it, we obtain the only physically well motivated solution
H(a) =
1
2
(
γ˜ +
√
4H20 (Ωma
−3 + Ωra−4 + ΩΛ + γ˜2)
)
,
(47)
with ΩΛ given by
ΩΛ =
H0 (1− Ωm − Ωr − γ˜)
H0
, (48)
once the normalization condition H(a = 1) = H0 is ap-
plied.
61. Γ = Γ0 = const.
The continuity equation (33) becomes
ρ′i
[
1 +
γ˜√
γ˜2 + 4κ2 (
∑
i ρi)
]
+
3 (1 + wi)
a
ρi −
(1 + wi) Γ0
a
ρi
1
2
(
γ˜ +
√
γ˜2 + 4κ2
∑
i ρi
) = 0, (49)
where now κ2 = 8piG/3. Once again, note that the cos-
mological constant is still a constant, but now all fluids
are coupled.
2. Γ(t) = Γ0H
In this case the continuity equation (33) reads
ρ′i
[
1 +
γ˜√
γ˜2 + 4κ2 (
∑
i ρi)
]
+
3
a
(1 + wi)
(
1− Γ0
3
)
ρi = 0 . (50)
Once again, as in the previous similar case, the fluids are
perfectly separable.
3. Γ(t) = Γ0H
2
Here, the continuity equation Eq. (33) is
ρ′i
[
1 +
γ˜√
γ˜2 + 4κ2 (
∑
i ρi)
]
+
3 (1 + wi)
a
ρi −
(1 + wi) Γ0
a
ρi
1
2
γ˜ +√γ˜2 + 4κ2∑
i
ρi
 = 0 .(51)
4. Γ(t) = Γ0
H
For this last case, the continuity equation (33) is
ρ′i
[
1 +
γ˜√
γ˜2 + 4κ2 (
∑
i ρi)
]
+
3 (1 + wi)
a
ρi −
(1 + wi) Γ0
a
ρi[
1
2
(
γ˜ +
√
γ˜2 + 4κ2
∑
i ρi
)]2 = 0. (52)
C. Quartic Entropic Force Model
For m = 4, Eqs. (19), (20) and (21), reduce to:
H2 =
8piG
3
ρ+ 2γc2χ, (53)
a¨
a
= −4piG
3
(
ρ+
3peff
c2
)
+ 2γc2χ, (54)
ρ˙+ 3H
(
ρ+
peff
c2
)
= 0. (55)
The quartic entropic force model is equivalent to the
standard ΛCDM model by taking the constant entropic
force term as an effective cosmological constant in the
Friedmann equation, Eq. (53), and in the acceleration
equation, Eq. (54). While from the theoretical point of
view there is a huge difference, from the observational
one, the two models would be indistinguishable. This
is why, we will not consider this model in the following
analysis.
III. DATA AND STATISTICS
The above mentioned entropic cosmological models
are going to be compared with the most updated (to
our knowledge) set of geometrical cosmological data,
namely: Type Ia Supernovae (SNeIa) from the Pantheon
sample; Cosmic Chronometers (CC); the gravitational
lensing data from COSMOGRAIL’s Wellspring project
(H0LiCOW); the “Mayflower” sample of Gamma Ray
Bursts (GRBs); Baryon Acoustic Oscillations (BAO);
and Cosmic Microwave Background radiation (CMB)
from Planck 2018.
We perform our statistical analysis on two different
data set: for the one which we call “full”, we join early-
(CMB and BAO data from SDSS) and late-time obser-
vations (SNeIa, CC, H0LiCOW, GRBs and BAO data
from WiggleZ); for that one which we call “late-time”,
we only include late-time data. This choice was dictated
by recognizing that if on one side it is acknowledged
that early-time data are more decisive in constraining
cosmological models than late-time ones, mainly due to
their higher precision, on the other one they also seem to
be statistically biased toward a cosmological constant as
dark energy, in an Occam-razor sense. Our hope is that
by comparing results from data related to such different
epochs, we could have some more neat evidence, if any,
into a possible presence of a time varying dark energy
candidate and/or an alternative theoretical approach.
The total χ2 we use in the following is of course de-
fined as the sum of the contributions from each probe.
In order to minimize the χ2 we use our own implementa-
tion of a Monte Carlo Markov Chain (MCMC) [100–102]
and we test its convergence using the method of [103].
We also try to establish a statistical hierarchy or prefer-
ence among our models by using the Bayesian Evidence,
E , calculated using the nested sampling algorithm de-
scribed in [104]. In this case, our reference model is the
standard ΛCDM model, analyzed with the same set of
data. We calculate the Bayesian Evidence using the al-
gorithm from. The chosen priors are all uninformative,
flat, and as much general and wide as possible, so that
any prior dependence [105] of E is negligible.
7The priors we have chosen are basically: 0 < Ωb <
Ωm < 1; 0 < h < 1, with h = H0/100; γ > 0; while no
prior on the sign of Γ0 has been put, as both of them have
intrinsic physical meaning (> 0 for matter creation; < 0
for matter annihilation). Actually, given the very small
values assumed by γ and Γ0 we have better worked and
constrained their logarithmic versions, log γ and log Γ0,
except for the cases with Γ(t) = Γ0H, where we have left
Γ0. Note also that because of this choice, we had to an-
alyze the cases Γ0 < 0 and Γ0 > 0 separately. Moreover,
we have enforced the further controls: that Ωm,r,Λ > 0 for
the full time extension, i.e. a ∈ [0, 1]; and that Ωm,r > 0
are decreasing functions of time. The only cases where
Γ0 < 0 is not shown in the following tables, are those for
which, in order to be consistent with data, it must assume
values much lower than the required minimal numerical
precision.
Eventually, we derive the Bayes Factor as the ratio of
evidence between two models, Mi and Mj , Bij = Ei/Ej .
Generally speaking, if Bij > 1 than the model Mi is pre-
ferred over Mj , given the data (we will follow Jeffreys’
scale [106]). Once again, the ΛCDM model will play the
role of the reference models Mj .
A. Type Ia Supernovae
The Pantheon compilation [29] is made of 1048 objects
observed in the redshift range 0.01 < z < 2.26. The χ2SN
is
χ2SN = ∆µ
SN · C−1SN · ∆µSN , (56)
where ∆µ = µtheo − µobs is the difference between the
theoretical and the observed distance modulus for each
SNeIa and CSN is the total covariance matrix. The dis-
tance modulus is
µ(z,p) = 5 log10[dL(z,p)] + µ0 , (57)
with
dL(z,p) = (1 + z)
∫ z
0
dz′
E(z′,p)
(58)
being the dimensionless luminosity distance; with θ we
indicate the vector of cosmological parameters on which
each model depend. We marginalize the χ2SN over µ0 (be-
cause of the well known degeneracy between the Hubble
constant H0 and the SNeIa absolute magnitude) follow-
ing [107], using
χ2SN = a+ log
(
d
2pi
)
− b
2
d
, (59)
where a ≡ (∆µSN )T · C−1SN · ∆µSN , b ≡
(
∆µSN
)T ·
C−1SN · 1, d ≡ 1 · C−1SN · 1 and 1 is the identity matrix.
B. Cosmic Chronometers
Early-Type galaxies undergoing passive evolution and
exhibiting characteristic peculiar features in their spectra
have been deemed able to provide measurements of the
Hubble parameter H(z) [108, 109], and are for that called
Cosmic Chronometers. We use data from [110] from the
redshift range 0 < z < 1.97. The χ2H is defined as
χ2H =
24∑
i=1
(H(zi,p)−Hobs(zi))2
σ2H(zi)
, (60)
where σH(zi) are the observational errors on the mea-
sured values Hobs(zi).
C. H0LiCOW
The main goal of the H0LiCOW collaboration [111]
was to use the sensitivity of strong gravitational lens-
ing events to constrain H0. For that purpose 6 lensed
quasars were selected [112] for which it was possible to
collect multiple images. From them, one could exploit
lensing time delay as a cosmological probes; in fact, this
quantity depends on the cosmological background, given
the expression
t(θ,β) =
1 + zL
c
DLDS
DLS
[
1
2
(θ − β)2 − Ψˆ(θ)
]
. (61)
where, assuming a standard gravitational lensing config-
uration [113]: zL is the lens redshift; θ is the angular
position of the image; β is the angular position of the
source; and Ψˆ is the effective lens potential. The dis-
tances DS , DL and DLS are, respectively, the angular
diameter distances from the observer to the source, to
the lens, and between source and lens. The angular di-
ameter distance is defined as
DA(z,p) =
1
1 + z
∫ z
0
cdz′
H(z′,p)
, (62)
from which: DS = DA(zS), DL = DA(zL), and DLS =
1/(1 + zS) [(1 + zS)DS − (1 + zL)DL] [114]. The scaling
factor involving all the cosmological distances, which ap-
pears in r.h.s. of Eq. (61),
D∆t ≡ (1 + zL)DLDS
DLS
, (63)
is called time-delay distance and is constrained by
H0LiCOW. The data (Dobs∆t,i) and the corresponding er-
rors (σD∆t,i) for the 6 quasars are given in [112]. Finally,
the χ2 for H0LiCOW data is
χ2HCOW =
6∑
i=1
(
D∆t,i(p)−Dobs∆t,i
)2
σ2D∆t,i
, (64)
8D. Gamma Ray Bursts
We work with the “Mayflower” sample, 79 GRBs in
the redshift interval 1.44 < z < 8.1 described in [115],
which have been calibrated with a robust cosmological
model independent procedure. The main GRBs observ-
able is the distance modulus, so the same procedure
used for SNeIa is also applied here. The χ2G is thus
given by χ2GRB = a + log d/(2pi) − b2/d as well, with
a ≡ (∆µG)T · C−1G · ∆µG, b ≡ (∆µG)T · C−1G · 1 and
d ≡ 1 · C−1G · 1.
E. Baryon Acoustic Oscillations
For BAO we consider data from many different sur-
veys. In general, we can define the χ2 as
χ2BAO = ∆FBAO · C−1BAO · ∆FBAO , (65)
with the observables FBAO which will change depending
on which survey is considered.
When using the WiggleZ Dark Energy Survey (at red-
shifts 0.44, 0.6 and 0.73) [116], the observables are the
acoustic parameter
A(z,p) = 100
√
Ωm h2
DV (z,p)
c z
, (66)
with h = H0/100, and the Alcock-Paczynski distortion
parameter
F (z,p) = (1 + z)
DA(z,p)H(z,p)
c
, (67)
where DA is the angular diameter distance defined in
Eq. (62) and
DV (z,θ) =
[
(1 + z)2D2A(z,θ)
cz
H(z,θ)
]1/3
(68)
is the geometric mean of the radial and tangential BAO
modes. We stress here that this data set is totally inde-
pendent of early-time evolution, and for that reason it is
included in the late-time data analysis.
We dealing with data from SDSS-III Baryon Oscilla-
tion Spectroscopic Survey (BOSS) observations, the sit-
uation is different. These BAO data are used for the full
data analysis only.
There are many sources and independent ways which
have analyzed data from BOSS. In [117] the DR12 anal-
ysis provides:
DM (z,p)
rfids (zd, )
rs(zd,p)
, H(z)
rs(zd,p)
rfids (zd)
, (69)
where: the comoving distance DM is
DM (z,p) =
∫ z
0
cdz′
H(z′,p)
; (70)
the sound horizon is
rs(z,p) =
∫ ∞
z
cs(z
′)
H(z′,p)
dz′ , (71)
with the sound speed given by
cs(z) =
c√
3(1 +Rb (1 + z)−1)
, (72)
and the baryon-to-photon density ratio parameters de-
fined as Rb = 31500Ωb h
2 (TCMB/2.7)
−4
, with TCMB =
2.726 K; the sound horizon evaluated at the dragging
redshift is rs(zd); and the sound horizon calculated for a
given fiducial cosmological model (in this case, it is 147.78
Mpc) is rfids (zd). The dragging redshift is estimated us-
ing the analytical approximation provided in [118].
We also consider measurements derived from the DR12
and involving the void-galaxy cross-correlation [119]:
DA(z = 0.57)
rs(zd)
= 9.383± 0.077 , (73)
H(z = 0.57)rs(zd) = (14.05± 0.14)103 km s−1 . (74)
Instead, from the extended Baryon Oscillation Spectro-
scopic Survey (eBOSS) we use the point DV (z = 1.52) =
3843 ± 147 rs(zd)/rfids (zd) Mpc provided by [120]. Fi-
nally, from eBOSS DR14 we have a combination of the
Quasar-Lyman α autocorrelation function [121] with the
cross-correlation measurement [122], giving
DA(z = 2.34)
rs(zd)
= 36.98+1.26−1.18 , (75)
c
H(z = 2.34)rs(zd)
= 9.00+0.22−0.22 . (76)
F. Cosmic Microwave Background
When dealing with CMB data we work with the shift
parameters defined in [123] and derived from the latest
Planck 2018 data release [124]. The χ2CMB is
χ2CMB = ∆FCMB · C−1CMB · ∆FCMB , (77)
and the vector FCMB consists of:
R(p) ≡
√
ΩmH20
r(z∗,p)
c
,
la(p) ≡ pi r(z∗,p)
rs(z∗,p)
, (78)
in addition to Ωb h
2. rs(z∗) is the co-moving sound hori-
zon evaluated at the photon-decoupling redshift evalu-
ated using the fitting formula from [125] and r is the
co-moving distance at decoupling.
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Figure 1. Evolution with time of dimensionless density parameters. (left panel) Matter (blue), baryons (green), radiation (red)
and dark energy (black) for both full Bekenstein entropic model with Γ(t) = Γ0 H (1σ confidence levels as shaded regions) and
full ΛCDM (dashed lines). (right panel). Percentage deviation of dimensionless density parameters between full Bekenstein
entropic model with Γ(t) = Γ0 H and full ΛCDM.
IV. RESULTS AND DISCUSSIONS
Complete results from our statistical analysis are
shown in Table I for the late-time data, and in Table II for
the full data sets. When looking at the results from using
only late-time data, we can see how the entropic scenar-
ios are totally indistinguishable from a standard ΛCDM
model, and even among themselves, wherever one looks
at the values of the cosmological parameters, or at the
Bayes Factors. If we exclude the case with Bekenstein
entropy and Γ(t) = Γ0H, which is the only one to be
clearly disfavored, and we focus on the main parameters
of the entropic models, i.e. γ and Γ0, we find that they
are basically very small, with at least log γ < −5 and
log Γ0 < −4 at 1σ confidence levels. Thus, there is a
negligible exchange of energy between the bulk and the
boundary of the universe. Note that these are only upper
limits, i.e. these are the maximum values for which the
considered models are compatible with present observa-
tional data.
When moving to full data, including also early-time ob-
servations, as expected, all entropic models have slightly
negative value for the Bayes Factors, which means they
are slightly disfavored with respect to ΛCDM. No dif-
ference at all is detectable also from the values of the
cosmological parameters.
The only successful scenario is exactly the one which
was slightly disfavoured in the late-time case, namely the
Bekenstein entropic terms with Γ(t) = Γ0H. What is re-
ally striking and hitting the attention is the very high and
positive value for the Bayes Factor, which states a strong
evidence in favor of this scenario with respect to the stan-
dard one. While the value of Ωm is slightly higher, but
still statistically consistent with the result from ΛCDM,
we have a lower value for Ωb and a higher one for H0,
although both exhibit larger errors with respect to the
ΛCDM case. Note that the shift in H0 is not enough to
considerably reduce the Hubble tension [126].
Where could this statistical preference come from? Let
us start noting that, just for this case, for what con-
cerns the parameters γ and Γ0, we do retrieve values
which are much higher than other cases. While for all
other cases we find log γ < −7 and log Γ0 < −4, for
this high-evidence scenario we do have log γ ∼ −2 and
Γ0 ∼ −0.017. Note also that, as explained above, this is
the only case where Γ0 can be negative, and we do not
have an upper bound, but a both sided constraint.
Moreover, as described in previous sections, in this
scenario we modify the time behavior of the cosmo-
logical fluids (except the cosmological constant) by the
factor (1 − γ)(1 − Γ0/3). In ΛCDM this is equal to
one, while here from our MCMCs we do infer the value
1.0014+0.0006−0.0006, so that the standard value is excluded at
2σ.
Eventually, more insights can be derived from plotting
the behavior of the dimensionless density parameters,
Ωm,b,r(a) =
H20
H2(a)
Ωm,b,ra
−3(1+wm,b,r)(1−γ)(1−Γ0/3)
1− γ ,
(79)
ΩΛ(a) =
H20
H2(a)
1− Ωm − Ωr − γ
1− γ . (80)
We show them in Fig. 1. In the left panel, we show the
time dependence of matter (blue), baryons (green), radi-
ation (red) and dark energy component (black), with 1σ
confidence levels as shaded regions for the Bekenstein en-
tropic model, against the ΛCDM ones, given by dashed
line with the same colors. While we can detect visually
a statistically light deviation between the two cases, in
the right panel we plot percentage deviations between the
ΛCDM quantities and the corresponding entropic models
ones. There it is more clear that such model behaves as
a light early dark energy model, with & 5% more dark
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Table I. Results: late-time
ΛCDM Bekenstein Tsallis-Cirto
Γ0 Γ0 H Γ0 H
2 Γ0/H Γ0 Γ0 H Γ0 H
2 Γ0/H
Γ0 > 0 Γ0 < 0 Γ0 > 0 Γ0 < 0 Γ0 > 0 Γ0 < 0 Γ0 > 0 Γ0 < 0 Γ0 > 0 Γ0 < 0
Ωm 0.293
+0.016
−0.016 0.293
+0.017
−0.016 0.292
+0.017
−0.016 0.301
+0.023
−0.023 0.293
+0.017
−0.016 0.293
+0.017
−0.016 0.292
+0.017
−0.016 0.293
+0.017
−0.016 0.293
+0.017
−0.016 0.293
+0.017
−0.016 0.291
+0.016
−0.015 0.293
+0.017
−0.016 0.293
+0.017
−0.016 0.293
+0.017
−0.016
h 0.713+0.013−0.013 0.714
+0.013
−0.013 0.713
+0.013
−0.013 0.712
+0.013
−0.013 0.714
+0.013
−0.013 0.714
+0.013
−0.013 0.714
+0.013
−0.013 0.713
+0.013
−0.013 0.713
+0.013
−0.012 0.713
+0.013
−0.013 0.714
+0.013
−0.013 0.713
+0.013
−0.012 0.713
+0.013
−0.013 0.713
+0.013
−0.013
log γ − < −7.26 < −7.03 < −0.713 < −6.81 < −7.15 < −8.40 < −5.83 < −3.94 < −5.59 −15.8+1.7−1.2 < −5.91 < −5.98 < −7.02
log Γ0 − < −5.47 < −12.4 − < −7.29 < −4.39 < −9.43 < −5.57 < −6.74 < −6.68 −2.82+0.84−0.85 < −14.34 < −4.29 −29.7+15.3−15.1
Γ0 − − − −0.17+0.20−0.28 − − − − − − − − −
χ2 1094.17 1093.74 1093.92 1093.79 1093.83 1093.75 1093.92 1093.74 1093.90 1093.81 1094.17 1093.84 1093.72 1093.89
Bij 1 1.01+0.02−0.02 0.99+0.03−0.02 0.50+0.01−0.01 1.02+0.02−0.02 1.01+0.03−0.03 0.99+0.02−0.03 1.02+0.03−0.02 1.00+0.02−0.03 1.01+0.02−0.03 0.98+0.02−0.02 1.02+0.02−0.02 1.02+0.03−0.02 1.00+0.03−0.03
lnBij 0 0.009+0.023−0.021 −0.005+0.029−0.024 −0.68+0.02−0.02 0.02+0.02−0.02 0.01+0.03−0.03 −0.007+0.019−0.027 0.02+0.03−0.02 0.002+0.024−0.027 0.007+0.021−0.031 −0.02+0.03−0.03 0.02+0.02−0.02 0.01+0.03−0.02 −0.004+0.026−0.027
Table II. Results: full
ΛCDM Bekenstein Tsallis-Cirto
Γ0 Γ0 H Γ0 H
2 Γ0/H Γ0 Γ0 H Γ0 H
2 Γ0/H
Γ0 > 0 Γ0 < 0 Γ0 > 0 Γ0 < 0 Γ0 > 0 Γ0 < 0 Γ0 > 0 Γ0 < 0 Γ0 > 0 Γ0 < 0
Ωm 0.319
+0.005
−0.005 0.319
+0.005
−0.005 0.319
+0.005
−0.005 0.325
+0.005
−0.005 0.319
+0.005
−0.005 0.319
+0.005
−0.005 0.320
+0.004
−0.004 0.319
+0.005
−0.005 0.320
+0.005
−0.005 0.319
+0.005
−0.005 0.319
+0.005
−0.005 0.319
+0.005
−0.005 0.319
+0.005
−0.005 0.319
+0.005
−0.005
Ωb 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004 0.0466
+0.0012
−0.0012 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004 0.0494
+0.0004
−0.0004
h 0.673+0.003−0.003 0.672
+0.004
−0.003 0.673
+0.003
−0.003 0.694
+0.010
−0.009 0.673
+0.003
−0.003 0.672
+0.003
−0.003 0.672
+0.004
−0.003 0.672
+0.003
−0.003 0.673
+0.004
−0.003 0.673
+0.003
−0.003 0.673
+0.004
−0.003 0.672
+0.003
−0.003 0.672
+0.003
−0.003 0.672
+0.003
−0.003
log γ − < −8.84 < −9.01 < −2.23 < −13.40 < −10.99 < −10.91 < −6.72 < −7.17 < −7.07 < −7.98 < −6.78 < −9.26 < −9.25
log Γ0 − < −6.86 < −19.9 − −31.5+2.6−2.7 < −5.96 < −10.03 < −8.85 < −9.38 < −8.76 < −8.86 < −31.09 < −3.78 < −2.14
Γ0 − − − −0.017+0.008−0.012 − − − − − − − − −
χ2 1124.25 1124.44 1121.01 1114.34 1124.45 1124.44 1121.69 1124.44 1121.07 1124.44 1191.91 1124.44 1124.44 1124.44
Bij 1 0.90+0.03−0.03 1.09+0.03−0.03 61.7+1.6−1.8 0.93+0.03−0.02 0.89+0.03−0.03 1.15+0.03−0.03 0.90+0.03−0.02 1.49+0.05−0.04 0.89+0.02−0.03 1.11+0.04−0.02 0.91+0.02−0.03 0.91+0.02−0.02 0.90+0.03−0.02
lnBij 0 −0.10+0.03−0.03 0.08+0.03−0.03 4.12+0.03−0.03 −0.08+0.03−0.03 −0.11+0.04−0.03 0.14+0.03−0.03 −0.11+0.04−0.02 −0.11+0.03−0.03 0.40+0.03−0.03 0.10+0.04−0.02 −0.10+0.03−0.03 −0.10+0.03−0.03 −0.11+0.03−0.02
energy at very early times; a fast decrease till a ∼ 10−4;
a new rise till recombination physics, where it requires
∼ 3 − 4% more dark energy, with a peak of 5% again
right after recombination; and then a slow decrease till
present time. Seemingly, this small excess of dark en-
ergy, accompanied by a smaller amount of matter (up
to 6% before recombination) can be the origin of such
improvement in the fit.
It is interesting to note that the value of γ is con-
sidered to be of order one theoretically in the literature
[21, 38]. In [127, 128], γ has been constrained by using
entropic force models combined the variation of funda-
mental constants and it results to be ∼ 10−4 − 10−2,
which is completely different from the theoretical expec-
tations. In literature [45, 129–137] one can find “similar”
parameters, i.e. related to energy exchange phenomena,
although they do not point to the system “boundary-
bulk” but to energy exchanges among cosmological flu-
ids. Thus, any comparison with our analysis would not
be appropriate.
The Γ(t) function has been extensively studied before,
but in contexts which are totally different from ours, as
bulk viscous cosmology and the creation of dark matter
cosmological models [76, 94–97, 138–141]. In [96], a phe-
nomenological Γ(t) = −Γ0+3H(t)+Γ20/H(t) function has
been constrained, with Γ0 ∼ 10−7 (see Pag. 10 of [96]).
Clearly, such a value is quite consistent with our results.
In [138], three different Γ(t) functions have been studied
in the context of matter creation cosmologies. In partic-
ular, the model with Γ(t) = 3βH, given β ≥ 0, provides
β = 0.0729+0.035−0.034 for older SNeIa+GRB+BAO+H(z)
data sets, and CMB is not included. Note that, depend-
ing on the entropy form, our estimations are or at least
four order of magnitudes smaller (for Tsallis-Cirto mod-
els), or even the sign of Γ0 is totally different (for Beken-
stein entropy we left the sign totally free and negative
values have higher statistical preference). Although, let
us stress again that these constraints have not been de-
rived in the context of entropic cosmology models so that
any comparison is not straightforward.
V. CONCLUSIONS
In this work we have investigated entropic force cosmo-
logical models with matter creation and energy exchange
between the bulk and the boundary of the universe. For
this purpose, we have used the Bekenstein entropy, the
Tsallis Cirto entropy and the quartic entropy to model
three different entropic cosmological scenarios, and a gen-
eral phenomenological functional form for the matter cre-
ation rate. By using the latest observational data sets,
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we have shown that the energy exchange between the
bulk and the boundary is negligible as well as the matter
creation rate.
However, most of the entropic cosmological models
considered here are basically indistinguishable from a
standard ΛCDM cosmological model. Only in one case,
the Bekenstein entropic model with Γ(t) = Γ0H, the
model resulted to be statistically highly favourable over
ΛCDM, with the parameters leading energy exchange be-
tween the bulk and the boundary being ∼ 10−2, namely,
quite larger than other cases.
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